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1. Introduction

My research lies in algebraic number theory and arithmetic statistics, with a strong emphasis on com-
putational methods. Broadly, I study the geometry and the distribution of certain arithmetic invariants
within natural families of number fields. This research involves the use of many fields and methods—such as
algebra, analysis, geometry, and computation—and there are various points of entry which make it especially
well-suited for collaborations and student-driven projects.

1.1. Number theory. One of the joys of number theory is the accessibility of its questions, from the mystery
of twin primes (“How many pairs of primes differ by two?”) to the story of Fermat’s Last Theorem inspiring
a young Andrew Wiles, deep problems can often be stated in the simplest of terms. This accessibility can
excite a general audience and provides a natural entry point for students to engage with mathematics early
in their careers.

Equally compelling is the experimental side of modern number theory. Through computation, we can
explore small cases, generate data, and detect patterns that guide conjectures and eventually proofs. This
interplay between experiment and theory has become a central feature of my own research. It also creates rich
opportunities for projects where students can learn programming, data analysis, and mathematical reasoning
to contribute to research while also serving to motivate some of the technical background necessary to work
on open questions.

1.2. Arithmetic statistics and the geometry of number fields. Arithmetic statistics seeks to under-
stand arithmetic objects by studying them in families and describing their asymptotic behavior. A hallmark
question in the field, known as Goldfeld’s conjecture, is “what proportion of elliptic curves have rank 0 (rank
1)”? Since Bhargava’s groundbreaking work on the geometry of numbers and sieve theory, the field has
undergone a renaissance.

My research program focuses on the Archimedean side of arithematic statistics, where the key objects
are lattices attached to number fields and their shapes—geometry modulo scaling, rotation, and reflection.
In some families shapes appear random; in others, they are rigidly confined to subspaces. My recent work
shows that both additive and multiplicative lattices exhibit such rigidity, and that these constraints can some-
times explain subtle phenomena in field-counting asymptotics, such as the logarithmic deviations underlying
counterexamples to Malle’s conjecture (see Section 3.3 and Section 5.1).

1.3. Motivation and broader impacts. What excites me most is that this program is both deep and
accessible. Shapes can be explored computationally, making it easy to generate examples, spot patterns,
and pose conjectures—activities that naturally engage students. At the same time, these explorations connect
to major themes in number theory, cryptography, and beyond. My long-term goal is to continue developing
a research program that uncovers the principles governing rigidity in shapes, connects them to dynamics on
homogeneous spaces, and explores the implications to lattice-based cryptography, where lattice geometry is
central to post-quantum security. These avenues support meaningful student projects that integrate proof,
computation, and data analysis—developing a breadth of methods and tools valuable for both mathematical
research and industry careers.

2. Shapes of lattices in number theory

Lattices play a central role across mathematics—from Minkowski’s geometry of numbers and the finiteness
of class groups, to sphere packing and Viazovska’s breakthrough, to lattice-based cryptography. In each case,
understanding the geometry of the relevant lattices is crucial.

Formally, if Λ is a lattice in a real inner product space, we define the shape of Λ to be its equivalence
class under scaling, rotation, and reflection. The space of shapes (of rank n lattices) can be realized as the
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double coset space:
Sn := GLn(Z)\GLn(R)/GOn(R),

where GOn(R) = {g ∈ GLn(R) : g>g = λI for some λ > 0}. This quotient inherits a natural Haar measure,
which can be normalized to a probability measure on a fundamental domain. Our goal is to study natural fam-
ilies of lattices and the distribution of their shapes with respect to this measure (or its restrictions to relevant
subspaces).

S2

Figure 1. Space of shapes of rank
2 lattices

Example 2.1. When n = 2 it is convenient to identify R2 ∼= C. Any
rank-2 lattice has a basis Λ = Zω1 + Zω2 with τ := ω2/ω1 ∈ h (the
upper half-plane). Multiplying (ω1, ω2) be a nonzero complex scalar (scal-
ing/rotation) does not change τ ; reflection sends τ → −τ̄ . Changing the

Z-basis by M =

(
a b
c d

)
∈ GL2(Z) sends

τ 7→ aτ + b

cτ + d
.

Thus the shape (i.e. the lattice up to scaling, rotation, and reflection)
corresponds to the orbit of τ under GL2(Z), and the space of shapes of
rank-2 lattices is the modular curve GL2(Z)\h. A fundamental domain is{

z ∈ h : |Re(z)| ≤ 1

2
, |z| ≥ 1

}
as seen in Figure 1. Note, the special (cusp) points i (square lattice) and 1+i

√
3

2 (hexagonal lattice).

2.1. Lattices in number theory. A central object in number theory is a number field, a finite extension
of Q, and its ring of integers OK . Let K/Q be a number field of degree n = r + 2s with r real embeddings
σ1, . . . , σr and s pairs of complex embeddings {τ1, τ1}, . . . , {τs, τs}. Minkowski’s geometry of numbers embeds
OK as a lattice inside the real vector space

KR := K ⊗Q R ∼= Rr ×Cs ∼= R r+2s.

The Minkowski embedding

j : K −→ Rr ×Cs, α 7−→
(
σ1(α), . . . , σr(α), τ1(α), . . . , τs(α)

)
,

is Q-linear, and j(OK) is a full-rank lattice in KR (e.g., for the inner product induced by the trace form).

Equivalently, identifying C ∼= R2, one may view ι as an embedding into Rr+2s (often with a
√

2-factor on
the complex coordinates to make it an isometry).

Alongside this integral lattice, there is a multiplicative analogue coming from the unit group. Let O×K be
the units of K and µ(K) be the roots of unity. The logarithmic embedding maps the units of K into R r+s:

Log : O×K −→ R r+s, α 7−→
(

log |σ1(α)|, . . . , log |σr(α)|, 2 log |τ1(α)|, . . . , 2 log |τs(α)|
)
.

Its image lies in the trace-zero hyperplane {(x1, . . . , xr+s) :
∑

i xi = 0} by the product formula, and Dirich-

let’s unit theorem asserts that ΛK := Log(O×K/µ(K)) is a lattice of rank r + s− 1 in this hyperplane.
These two lattices j(OK) and ΛK are the main players in my research program. In the next section we

formalize both the families that we investigate and the questions—existence, constraints, and distribution
of shapes—that we pursue.

2.2. Imposing Galois conditions. A standard way to organize families of number fields is by Galois group.
For a (not necessarily Galois) number field K/Q, we say that K has Galois group G if its Galois closure

K̃/Q satisfies Gal(K̃/Q) ∼= G. Fix a signature n = r + 2s and write

F(G, r, s) := {K/Q : [K : Q] = n, Gal(K̃/Q) ∼= G, sig(K) = (r, s) }.
We then study the image of this family in the space of shapes:

Ω?(G, r, s) :=
{

sh?(K) ∈ Sn−1 : K ∈ F(G, r, s)
}
.

where ? = {+,×} and sh+(K) (resp. sh×(K)) is the shape of the additive (resp. multiplicative) lattice of
K. Three goals guide our program:
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Q1. On which (typically proper) loci of Sn−1 does Ω?(G, r, s) lie? (E.g., unions of torus orbits, boundary
strata, or other explicitly described subvarieties.)

Q2. How are shapes distributed on those loci? (E.g., equidistribution versus concentration, limiting
measures, accumulation on special points.)

Q3. How powerful is the shape as an invariant of number fields? (Additive vs. multiplicative.) To what
extent does the shape determine K? In particular, is the shape (i) a complete invariant on certain
families (i.e., sh(K) = sh(L)⇒ K ∼= L), or at least (ii) finite-to-one?

We emphasize the contrast between the generic case G = Sn, where few constraints are expected, and
non-generic cases G ( Sn, where strong geometric restrictions often appear. Beyond intrinsic interest,
identifying these loci and distributions may inform asymptotic predictions for number fields (in the spirit of
Malle-type conjectures).

2.3. Lattices and cryptography. Beyond their intrinsic interest in number theory, lattices play a central
role in modern cryptography. Post-quantum ‘lattice-based’ schemes rely on the presumed hardness of geo-
metric problems such as the Shortest/Closest Vector Problems (SVP/CVP) in high dimensions. Because
hardness is sensitive to lattice shape and related invariants, arithmetic constraints on shapes can expose
brittle instances or certify robust ones. This dovetails with my program: by analyzing how number-theoretic
structure restricts the space of shapes, we can map which regions of the shape moduli are cryptographically
fragile versus safe. I’m exploring collaborations to translate these rigidity results into guidance for concrete
schemes and parameter choices.

3. The additive case: shapes of number fields

Given a degree n number field K, the Minkowski embedding ι : OK ↪→ KR identifies j(OK) with a
rank-n lattice in KR

∼= Rr+2s. Because there is a copy of Z in every field 1 ∈ OK spans the distinguished
line L := R · j(1), and since we will study these lattices in families of number fields we instead pass to its
orthogonal complement

H := {x ∈ KR : 〈x, j(1)〉 = 0},
the trace-zero hyperplane. Let

j(O⊥K) := πH
(
j(OK)

)
⊂ H

be the projection of j(OK) to H; this is a full-rank lattice of rank n− 1. We define the shape of K to be

sh+(K) := [j(O⊥K)] ∈ Sn−1.

3.1. Background. The first nontrivial case arises in degree 3. Terr [Ter97] proved that the shapes of (non-
Galois) cubic fields are equidistributed in S2 with respect to the GL2(R)-invariant measure. By contrast,
in the Galois (cyclic cubic) case the extra symmetry collapses all shapes to a single GL2(Z)-orbit—namely
the hexagonal lattice on the boundary. Thus, in the “generic” case there are no geometric constraints
(equidistribution in S2), whereas in the non-generic C3 case the symmetry imposes extreme rigidity: every
such field has the same shape.

Building on Bhargava’s parametrizations, [Bha04b, Bha08], Bhargava–Harris1 [BH16] extended equidistri-
bution to Sn-fields for n = 4, 5. Beyond such generic families far less is known: work of Harron [Har17, Har19],
Harron–Harris [HH20], Hassan [Has19], and others shows that in many non-generic settings (e.g., cyclic, bi-
quadratic, multiquadratic) the Galois structure constrains shapes to a proper locus (e.g., unions of torus
orbits or boundary strata) and that, within this locus, the shapes are proved or conjectured to be equidis-
tributed with respect to the measure induced from the GLn(R)-invariant measure on Sn−1.

3.2. Results. One recent project of mine focuses on pure prime degree fields, K = Q( p
√
m). Harron, in

[Har17], addressed questions Q1, Q2, and Q3 in the case of pure cubic fields showing that the shapes are
equidistributed along vertical geodesics in S2, and that the shape is a complete invariant. In my work [Hol22],
I generalized this to all prime degrees p. Specifically, I showed that in the wildly ramified case the shape of
K lies on an explicit torus orbit Sp ⊂ Sp−1:

For a prime p (think K = Q( p
√
m)), we looked at the shape sh+(K) of the additive lattice coming from

OK .

1In this note Harris refers to Piper Harris, who has published under Piper Harron, and Piper H
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Theorem 3.1 ([Hol22]). For every (wildly ramified) pure prime–degree field K, the shape sh(K) lies on a
single one–dimensional orbit Sp cut out by the diagonal torus. In short, all such shapes live on the same
explicit curve Sp ⊂ §p−1.

This curve Sp carries a natural “length” measure µp, coming from Haar measure on the torus. With
respect to this canonical choice, we show:

Theorem 3.2 ([Hol22]). As you range over pure prime–degree fields, the shapes are equidistributed along
Sp with respect to µp.

While equidistribution of shapes had previously been proved only in a few low-degree cases, this paper
establishes it in an infinite number of prime degrees. As a result, we have ample examples of lattices (with
arbitrarily high rank) that could serve as a natural testing ground to explore how shape information might
influence lattice-based cryptography.
A concrete consequence in the quintic case (p = 5). If W ⊂ §4 is any reasonable set, and N5(X,W ) counts
pure quintic fields K with |∆(K)| < X and sh(K) ∈W , then

N5(X,W ) ∼ C X1/4 log(X) · µ5(W ),

for an explicit constant C > 0. In words: the overall growth is X1/4 logX, and the fraction falling in W is
exactly its µ5-length inside the shape–curve S5. Finally, we addressed Q3 by proving:

Theorem 3.3 ([Hol22]). Within the family of pure prime–degree number fields K = Q( p
√
m) (with p prime),

the shape is a complete invariant:

sh+(K) = sh+(L) ⇐⇒ K ∼= L.

3.3. Ongoing projects. In joint work with Harron and Varma [HHV26], we are investigating the first
natural family in which Malle’s conjecture is known to fail: non-Galois sextic fields whose Galois closures
have Galois group C3 o C2 (the transitive imprimitive subgroup of S6 of order 18).

3.3.1. Malle’s conjecture. The Hermite–Minkowski theorem implies that, for any X > 0, there are only
finitely many number fields with |∆(K)| ≤ X. Malle [Mal02] conjectured precise asymptotics for the counting
function

Nn,G(X) := #{K/Q : [K : Q] = n, Gal(K̃/Q) ∼= G, |∆(K)| < X }.
Klüners [Klü05] produced a counterexample in the sextic case G = C3 o C2, showing that N6,G(X) acquires
an additional logarithmic factor beyond Malle’s prediction. Strikingly, this extra logX term occurs precisely
when the quadratic resolvent (equivalently, the distinguished quadratic subfield of the Galois closure) is
cyclotomic, Q(ζ3) = Q(

√
−3), indicating that hidden geometric/arithmetical structure is at play within this

family.

3.3.2. A geometric interpretation via shapes. Our approach was to ask: can the geometry of lattice shapes
detect this difference? To answer this, we refined the notion of shape. Given a sextic field K with quadratic
subfield F , we define the F -shape of K by projecting the integral lattice to the orthogonal complement
of j(OF ). This framework extends the usual notion of shape and allows one to study families with fixed
subfields.

We prove two main results. First, for each quadratic subfield F ⊂ K, the F -shapes of these sextic fields
lie on a one–dimensional subspace (a torus orbit)

SF ⊆ S4.

Second, this subspace has finite measure when F 6= Q(ζ3) but infinite measure when F = Q(ζ3). Conse-
quently, the distribution of shapes along SF matches the asymptotics discovered by Klüners: finite induced
measure corresponds to Malle’s predicted growth, whereas infinite induced measure yields the additional
logarithmic factor.

This shows that lattice geometry does not merely reflect known asymptotics but can actually explain subtle
deviations. My current and future work pursues this perspective: extending the theory of F -shapes to broader
families, understanding how subspaces of shape space govern field-counting asymptotics, and developing a
general framework for predicting when rigidity in shapes forces anomalies in conjectural heuristics.
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4. The multiplicative case: shapes of unit lattices

Alongside the classical Minkowski lattice sits the log–unit lattice, the image of O×K/µ(K) under the loga-
rithmic embedding. It has rank r+ s− 1 (Dirichlet) and a natural shape in Sr+s−1. Despite its simplicity to
define, the geometry of unit shapes is subtle, and even basic classification and distribution questions remain
challenging.

4.1. Background. David–Shapira [DS18] conjectured that the shapes of totally real cubic fields are dense
in S2, a prediction recently proved (for nonmaximal orders) by Dang–Gargava–Li [DGL25]. In contrast, for
several non-generic families the Galois module structure of units forces the shapes onto special loci. Recent
work in the biquadratic and cyclic settings (e.g., [ATPS20, Cru20]) exhibits constraints such as orthogonality
or well-roundedness, reflecting genuine geometric restrictions on the unit lattices. Taken together, these
results mirror the additive case: in some families unit shapes behave “randomly” (e.g., are dense), while in
others they are highly rigid and confined to explicit subspaces.

4.2. Results. My recent projects have focused primarily on question Q1 for log–unit lattices in dihedral
families. Specifically, we identify the image Ωlog(G, r, s) inside the ambient shape space and find striking
rigidity phenomena:

((a)) Shapes of D4 quartic fields lie on the
boundary of S2 and appear to be equidis-
tributed.

((b)) Shapes of D5 quintic fields lie on a fixed
hypercycle in the upper half-plane.

Figure 2. Rigidity phenomena for unit log lattices: in both D4 and D5 families the shapes are constrained to
strict geometric subspaces.

• Dp fields. In joint work with Harron and Vemulapalli, we consider unit shapes of prime–degree dihedral
number fields (where Dp is the symmetry group of a regular p-gon). We prove:

Theorem 4.1 ([HHV25]). The unit shapes of prime–degree dihedral fields lie on a finite union of explicit
diagonal–torus orbits.

In the quintic case (p = 5) the log–unit shape is constrained to a single hypercycle (the set of points
at fixed hyperbolic distance from a geodesic); see the explicit curve in Figure 2(b).

• D4 quartic fields. In recent joint work [CCH+25], we investigate quartic D4 fields of signature (2, 1)
and describe the locus of shapes:

Theorem 4.2 ([CCH+25]). The unit shapes are constrained to the boundary of §2 and have transcen-
dental coordinate(s).
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Moreover, we determine whether the shape lies on the left, right, or bottom boundary in terms of norm
maps to the quadratic subfield, and we exhibit boundary limit points via explicit families.

Together these results reveal a recurring phenomenon: additional Galois symmetry rigidifies the unit
lattice, forcing shapes onto lower–dimensional loci—explicit torus orbits in the Dp case, and boundary
strata in the D4 case. In two dimensions these geometric constraints also reflect concrete lattice features,
e.g., orthogonality (left boundary), the existence of a Minkowski basis (generated by a vector and its Galois
conjugates) and whether such a basis is reduced, or the appearance of shorter basis vectors.

4.3. Ongoing work. In an ongoing collaboration involving graduate students we consider the case of totally
imaginary D6-sextic fields. We first addressed Q1, identifying the space of shapes within this family of fields,
where we have discovered a dichotomy: if the cubic subfield is totally real (i.e. the sextic field is CM),
then the unit shape lies in the interior of the modular curve; if the cubic subfield is complex, the shape is
restricted to the boundary.

We then explore Q3, the extent to which the unit shape determines the field itself. Let Fr (resp. Fc)
denote the family of imaginary D6-sextic fields with real (resp. complex) cubic subfield. We show that
for every field in Fr, the shape is inherited from its cubic subfield and therefore there are infinitely many
fields with the same shape (taking any imaginary quadratic extension of the totally real field yields the same
shape). In contrast, we also prove:

Theorem 4.3. The unit shape is a complete invariant for Fc.

In other words, within the two subfamilies, the same invariant exhibits opposite behaviors—redundant in
one case and complete in the other.

Furthermore, we consider the geometric properties of well roundedness and orthogonality, exhibiting an
infinite family of well rounded lattices that-despite the coordinates being transcendental-converge to the
hexagonal cusp. We also show that if the cubic subfield is pure (e.g. Q( 3

√
2)), then at least 49.8% of the unit

lattices are orthogonal, which provides quantitative evidence of orthogonality phenomena in higher-degree
number fields.

5. Future work

In this section I outline ongoing and planned directions. A feature of this program is that each thread
naturally generates problems at multiple levels, from computational experiments to theoretical questions.

5.1. Shapes of number fields. A broad goal is to make precise the connection between lattice shapes and
number field asymptotics. Given a family F of number fields of fixed degree and Galois group, one would
like to:

(a) determine the locus SF ⊂ Sn−1 cut out by the additive shapes Ωadd(F), and
(b) use the geometry and distribution of SF to inform the asymptotics of F .

Work of Harron, Harris, Hassan, and myself in non-generic families provides first examples; many cases
remain open.

In [Hol22] we also pose several questions I plan to pursue with students. For instance, building on [BS14],
where pure cubic fields correspond to S3-cubics with cyclotomic quadratic resolvent, we prove in [Hol22]
that if K has Galois closure with group Fp (the Frobenius group of order p(p − 1)), then K is pure iff its
(p− 1)-degree resolvent field is cyclotomic. This leads to:

Question. What are the shapes and distributions of Fp-fields whose resolvent field is not cyclotomic?

A plausible route is: (i) initial computation to map the attainable loci in Sp−1; (ii) structural analysis of
the resulting integral lattices and their rigid subspaces; (iii) parametrization of the family and a measure-
theoretic study of distribution on the locus; and (iv) a comparison with field-counting asymptotics (Malle-
type predictions), especially the effect of excluding the cyclotomic resolvent.
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5.2. Shapes of unit lattices and higher-rank investigations. Another direction is to extend the study
of log-unit shapes beyond the initial dihedral cases. Evidence to date indicates strong restrictions in higher
rank, often dictated by the Z[G]-module structure of O×K/µ(K). Current collaborations within my research
groups aim to chart these loci and testing for rigidity phenomena in new signatures. This area remains
underexplored and offers many student-friendly projects—from explicit computation and conjecture testing
to proving new constraints.

5.2.1. Connections to counting number fields. Because unit shapes are comparatively new as invariants, they
may yield additional traction on asymptotics. In ongoing work with Ila Varma, we are investigating whether
D5 unit shapes can be linked to Bhargava’s parametrization of all rank 5 rings, with the goal of distinguishing
D5 rings inside this parametrization. Establishing such a link would be a step toward asymptotics for D5

fields.

5.3. Shapes of function fields. In joint work with Bauer, Nguyen, Scheidler, and Tran, we investigate
a function-field analogue of lattice shapes. For pure cubic function fields K = Fq

(
t, f(t)1/3

)
, we find:

when q ≡ 1 (mod 3) (Kummer applies) the shape is fixed; when q ≡ −1 (mod 3) the shapes lie on a one-
dimensional torus orbit, closely paralleling the number-field case. We are studying the distribution on this
locus and expect a preprint soon. Broadly, these results indicate that methods and questions for number
fields carry over to the function-field setting, with both new phenomena and powerful analogies.

5.4. Summary. Taken together, these projects advance a unified program: using lattice shapes to reveal
hidden structure in number fields and, in turn, to inform asymptotics. The results to date—explicit loci,
equidistribution on constrained supports, and complete invariants in natural families—open many directions
that scale from computation to theory. I look forward to pursuing these questions with students and col-
laborators, building a steady pipeline of problems where experiments suggest conjectures and structure the
proofs that follow.

6. Other directions

Beyond lattice geometry, I have pursued problems in elementary number theory and arithmetic dynamics.
Negative Pell over function fields. While at Calgary I co-supervised the M.Sc. thesis of Fujikawa [Fuj23] on
the negative Pell equation over function fields, aiming toward a function-field analogue of Stevenhagen’s
conjecture. The result of this thesis was not a full analogue of Stevenhagen’s conjecture but a necessary
first step in this direction. Future work, which is well suited for students, would be to extend this work
and establish the analogous conjecture in positive characteristic: this would involve designing computational
experiments, isolating the governing local/global conditions, and push toward a full analogue of Stevenhagen’s
prediction.

Adelic perturbations of rational functions. In recent work with Baril Boudreau and Nguyen [BHN25], we
study power series of the form adelic perturbations of rational functions, motivated by questions on dynamical
(Artin–Mazur) zeta functions. We prove a strong Pólya–Carlson dichotomy under a mild stability hypothesis
via a framework of almost quasi-polynomials that unifies p-adic and Archimedean techniques. Specifically:

Theorem 6.1 ([BHN25]). Let
∑

n≥0 anx
n ∈ Q̄[[x]] be the power series of a rational function (radius of

convergence R), and let f : N0 → Q̄ be an almost quasi-polynomial. Then the perturbed series∑
n≥0

f(n) an x
n

satisfies the Pólya–Carlson dichotomy: it is either rational or admits the circle of radius R as a natural
boundary.

This settled several open problems, including: a conjecture of Byszewski–Cornelissen on analytic contin-
uation of Artin–Mazur zeta functions for endomorphisms of abelian varieties, a question of Bell–Miles–Ward
on zeta functions of algebraic dynamical systems, and a conjecture of Royals–Ward on adelic perturba-
tions. More broadly, the method provides a systematic route to analytic dichotomy phenomena in arith-
metic/algebraic dynamics and opens a range of follow-up problems suitable for student involvement.
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